In this paper we consider the numerical simulations of the steady linearized potential¯ow around a body which moves in a liquid of ®nite constant depth at constant speed and distance below a free surface. Two vertical segments are introduced as the arti®cial boundary to limit the unbounded physical domain to a bounded computational domain. A series of approximate arti®cial boundary conditions at the given arti®cial boundary are designed by imposing the continuity of the solution and its normal derivative. Then the original problem is reduced to a problem de®ned in a bounded computational domain, which is solved numerically by the ®nite element method. The numerical examples show that our arti®cial boundary conditions are very eective. Ó
Introduction
Consider the 2-D steady potential¯ow around a body traveling in a liquid of ®nite constant depth at constant speed and distance below a free surface. Let the depth of the liquid be d, the speed of the body be U and the acceleration of gravity be g. We scale the physical quantities by the length d and the velocity gd p . Let X i denote the domain occupied by the body and X R Â À1Y 0 n " X i (see Fig. 1 ). Then the total velocity potential is split into the sum of a free stream potential and a perturbation potential: UxY z lx /xY z, where l U a gd p is the Froude number. By linearizing the boundary condition at the free surface, see Whitham [19] , the following problem is obtained for the perturbation potential:
together with the boundary conditions
o/ on l cos h 0Y on oX i Y 1X4 / is boundedY À1`z`0Y 1X5
where oaon denotes the outward normal derivative and h is the angle between the normal and the x-axis. The problem (1.1)±(1.5) is de®ned in an unbounded domain. In ®nding numerical solutions of this kind of problem, one diculty is the unboundedness of the physical domain. In engineering, the usual method is to introduce an arti®cial boundary and cut o the unbounded part of the domain and set up an arti®cial boundary condition at the arti®cial boundary of the remaining bounded domain. For example, the Dirichlet condition and Neumann condition are often used for elliptic partial dierential equations. In general, this arti®cial boundary condition at the arti®cial boundary is only a rough approximation of the exact boundary condition. Hence, the remaining bounded domain must be quite large when high accuracy is required. In practice, in order to limit the computational cost, the arti®cial boundary must be chosen not too far from the domain of interest. Thus how to design arti®cial boundary conditions with high accuracy becomes a very important problem. During the last two decades, there are many authors who have worked on this subject for various problems by dierent techniques. For instance, Engquist and Majda [3] designed absorbing boundary conditions for wave equation. Goldstein [6] presented the exact boundary condition and a sequence of its approximations at an arti®cial boundary for Helmholtz-type equation in waveguides. Feng [4] proposed the asymptotic radiation conditions for the reduced wave equation by using the asymptotic approximation of Hankel functions. Han and Wu [13, 14] obtained the exact boundary conditions and a series of their approximations at an arti®cial boundary for the Laplace equation and the linear elastic system. The exact boundary condition at an arti®cial boundary for partial dierential equations in an in®nite cylinder was proposed by Hagstrom and Keller [7, 8] . Shortly after, they used this technique to solve nonlinear problems. A family of arti®cial boundary conditions for unsteady Oseen equations in the velocity pressure formulation with small viscosity was developed by Halpern and Schatzman [9] , which was then applied to unsteady Navier±Stokes equations. Han et al. [12] designed discrete arti®cial boundary conditions for incompressible viscous¯ows in an in®nite channel by using a fast iterative method. Han and Bao [10, 11] proposed discrete arti®cial boundary conditions for incompressible viscous¯ows in a channel by using the method of lines. One can ®nd more references in the book [5] .
Recently Malmliden and Petersson [15] proposed a Schwarz-type iterative method to solve the problem (1.1)±(1.5). Another approach is based on boundary integral methods, see Doctors and Beck [2] , Nakos and Sclavounos [16] and the references therein.
The purpose of this paper is to design arti®cial boundary conditions with high accuracy for the problem (1.1)±(1.5). Then the original problem is reduced to a problem de®ned in a bounded computational domain which is solved by the ®nite element method. The layout of this paper is as follows. In Section 2 we introduce appropriate arti®cial boundaries and design arti®cial boundary conditions on them for the problem (1.1)± (1.5). Then the problem is reduced to a problem in a bounded domain. In Section 3 we propose the ®nite element formulation to solve the reduced problem de®ned in a bounded computational domain. In Section 4 we report on some numerical experiments. Finally in Section 5 we state out some conclusions.
The arti®cial boundary conditions
Taking two constants a`b such that X i & aY b Â À1Y 0, then X is divided into three parts X a , X T and X b by the arti®cial boundaries C a and C b with (see Fig. 1 ) Fig. 1 .
Then the restriction of the solution of the problem (1.1)±(1.5) on the semi-in®nite strip X b satis®es:
In [17, 18] the authors derived a general solution of the above problem using separation of variables:
where a 0 is a constant and
We now use the transmission conditions
to obtain the exact boundary condition at the segment C b for the problem (1.1)±(1.5). Derivate (2.6) with respect to x and let x b, we get
From (2.6) with x b and (2.9), noting (2.8), a computation shows
where
In fact the boundary condition (2.10) is the exact boundary condition at the arti®cial boundary C b satis®ed by the solution / of the problem (1.1)±(1.5). Let
Then we obtain a sequence of approximate arti®cial boundary conditions at the arti®cial boundary C b :
In a similar way, we can get approximate arti®cial boundary conditions at the arti®cial boundary C a . For the purpose of simplicity, here we use the Dirichlet boundary condition as the in¯ow boundary condition. Then the original problem (1.1)±(1.5) is reduced to the following problems in the bounded computational domain
In the following section we propose a ®nite element formulation to solve the problem (2.13)±(2.17).
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The ®nite element approximation
Let H m X T and H s aY b denote the usual Sobolev spaces on the domain X T and the interval aY b with integer m and real number s [1] . Furthermore we introduce:
Then the problem (2.13)±(2.17) is reduced to the following equivalent variational problem:
Let T h be a regular partition of the domain X T consisting of triangles and rectangles, where h denotes the mesh size. Particularly, we assume that it satis®es the condition: For any element K P T h satis®es K C b T Y, u is a rectangle. We can easily generate a partition of X T satisfying the above condition. Let
where P 1 K and Q 1 K denote the sets of all linear polynomials and bilinear polynomials on u, respectively. It is easy to verify that V h is a subspace of . Then we obtain the ®nite element approximation of the problem (3.1):
Numerical examples
In this investigation, we are mainly interested in the numerical accuracy of our approximate arti®cial boundary conditions (2.12), and not in solving a particular problem. For the sake of simplicity, the calculations have only been performed for a rectangular body. In this case, we consider T h be a rectangular partition of X T , with
where u is a rectangle. Then V h is de®ned as
Example. The potential¯ow around a submerged rectangle. The body X i is de®ned by the domain
Then the bounded computational domain X T is given by
First we test the eect of the terms x used in our approximate arti®cial boundary condition (2.12). We take a À1 and b 1. Three meshes were used in our computations. For a given mesh, the mesh size h is de®ned as the maximum of the lengths and widths of all rectangles in the mesh. Fig. 2 mesh C for l 0X1Y 0X2Y 0X4 and 0X6, respectively. Tables 1±4 show the Tables 1±4, N 5 gives good approximations and therefore in the computation very few terms in the bilinear form A N 2 /Y w are needed in order to get good accuracy. Table 1 The eect of the arti®cial boundary conditions (l 0X1) Table 2 The eect of the arti®cial boundary conditions (l 0X2)
2.308E)6 1.968E)6 1.892E)6 Secondly we test the eect of the mesh size. Let / denote the`exact solution' which is the ®nite element solution on mesh C when N N Ã . Tables 5±7 show the maximum error of / À / h I over mesh points,
As shown in Tables 5±7, the error decreases very fast when the mesh size decreases. It also shows that the boundary condition (2.10) is really the exact boundary condition for the problem (1.1)±(1.5) because the converge rate is consistent with the usual ®nite element error estimation. Furthermore, the error becomes larger when the Froude number l becomes larger. This is caused by the original problem which is inde®nite, especially for larger Froude number l.
Thirdly we test the eect of the location of the arti®cial boundary C b . We take a À1 and b 0X6Y 1X0Y 1X4 and 1X8, respectively. For each , we use a corresponding mesh with the mesh size h 0X05. Table 5 The eect of the mesh size h
1.6739E)3 3.3791E)3 3.3452E)2 1.0388E)2 Table 6 The eect of the mesh size h
2.6539E)4 5.5031E)4 8.5002E)3 3.7894E)3 Table 7 The eect of the mesh size h Table 4 The eect of the arti®cial boundary conditions (l 0X6)
Let / denote the`exact solution' which is the ®nite element solution of (3.2) when b 1X8 and N N Ã . Table 8 shows the the maximum error of / À / h I over mesh points, k/ À / h I k 0YX 0 , and k/ À / h I k 1YX 0 for different location of the arti®cial boundary C b , where X 0 is the bounded computational domain X T when b 0X6. As shown in Table 8 , when the location of the arti®cial boundary C b is chosen farther from the body, the error decreases greatly. But the effect of the location of the arti®cial boundary is less signi®cant compared with the effect of the mesh size h (see Tables 5±7).
Conclusions
A series of arti®cial boundary conditions at the out¯ow boundary are designed for the 2-D steady potential¯ow around a body which moves in a liquid of ®nite constant depth at constant speed and distance below a free surface by imposing the continuity of the solution and its normal derivative. Then the original problem is reduced to a boundary value problem de®ned in a bounded computational domain. A ®nite element formulation is proposed to solve the reduced problem. Then the numerical solution for the original problem is obtained. Numerical examples for a¯ow around a submerged rectangle are used to test the eects of our approximate arti®cial boundary conditions, the mesh size and the location of the arti®cial boundary. Numerical results show the following conclusions: (1) Our approximate arti®cial boundary conditions can be used with high accuracy and only a few terms in the arti®cial boundary conditions are needed in computation. ( 2) The convergence rate of the mesh size is consistent with the usual ®nite element error estimation for the problems in a bounded domain when using our arti®cial boundary conditions to solve a problem in an unbounded domain. (3) As the location of the arti®cial boundary is chosen farther from the body, the error becomes smaller. (4) The eect of the location of the arti®cial boundary is less signi®cant compared with the eect of the mesh size when using our high-order arti®cial boundary conditions. Therefore it is ecient to use our high-order arti®cial boundary conditions, and for a given accuracy, it is possible to use a small bounded computational domain. 
